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Abstract

Three-dimensional numerical computations of double diffusive natural convection were carried out at the Prandtl numberPr = 6, the
Lewis numberLe = 100, the aspect ratioA= 2, the Rayleigh numberRa = 107 and various buoyancy ratiosN for a two-layer system which
consists of a pure water (upper layer) and an aqueous solution (lower layer) with lateral heating and cooling. Salt-fingers with the termination
of bulbous shapes were formed owing to the penetration of convective flow in a layer into the other layer atN = 0.3 and plumes were formed
by the collision of solutal fragments against the interface atN = 0.6 or 1.
 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Double diffusive natural convection occurs owing to
both temperature and concentration differences under a
gravitational field and then forms various phenomena such
as multi-layered convection, concentration stratification,
plumes and salt-fingers. These phenomena may occur in
processes such as melting or freezing of ice in a aqueous
solution, electrode reactions in a solution, etc. and have
a profound affect upon the mixing process of a solute.
When an aqueous solution having a concentration gradient
along the gravitational direction is heated from a side
wall and cooled from an opposing side wall, convection
roll cells are formed with multiple horizontal boundaries.
The simplest model for this phenomenon is a two-layer
convection system [1,2]. When a two-layer system which
consists of water (upper layer) and an aqueous solution
(lower layer) is heated from one side and cooled from an
opposite side, convection starts in each layer, and a sharp
horizontal interface is formed by two flows circulating in
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opposite directions near the interface. The heat transfer
appears to become soon approximately steady, but the mass
transfer stays unsteady.

We previously reported experimental studies [1] of the
double-diffusive two-layer convection as shown in Fig. 1.
The experimental conditions were as follows:

• Initial upper layer: water, 8 cm in height;
• Initial lower layer: 10 kg·m−3 KCl solution, 8 cm in

height;
• Heating temperature: 30◦C;
• Cooling temperature: 20◦C;
• System sizes: 4 cm (width)× 16 cm (height);
• Depth of the apparatus: 10 cm.

Corresponding dimensionless values are as follows.

• Aspect ratioA= 4;
• Prandtl numberPr = 6.27;
• Rayleigh numberRa = 1.13× 107 (by the definition of

Ra in this paper);
• Lewis numberLe = 71.8;
• Buoyancy ratioN = 2.74.
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Nomenclature

A aspect ratio= h/b

b width of the system . . . . . . . . . . . . . . . . . . . . . . . m
B dimensionless width of the system
C dimensionless

concentration= (c− cmin)/(cmax− cmin)

c concentration . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

cmax initial maximum concentration (initial
concentration in a lower layer) . . . . . . . . kg·m−3

cmin initial minimum concentration (initial
concentration in an upper layer) . . . . . . kg·m−3

D diffusion coefficient. . . . . . . . . . . . . . . . . . m2·s−1

g acceleration due to gravity . . . . . . . . . . . . . m·s−2

h height of the system . . . . . . . . . . . . . . . . . . . . . . m
H dimensionless height of the system
Le Lewis number= κ/D

N buoyancy
ratio= β(cmax− cmin)/{α(Thot − Tcold)}

Nuave average Nusselt number
p pressure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
P dimensionless pressure
Pr Prandtl number= ν/κ

Ra Rayleigh number= gα(Thot − Tcold)b
3/(κν)

T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
Tcold temperature on the cold wall . . . . . . . . . . . . . . . K
Thot temperature on the hot wall . . . . . . . . . . . . . . . . K
t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
U,V dimensionless velocity
X,Y dimensionless coordinate

Greek symbols

α volumetric coefficient of thermal
expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K−1

β volumetric coefficient of expansion with
concentration . . . . . . . . . . . . . . . . . . . . . . m3·kg−1

�τ dimensionless time step
θ dimensionless

temperature= (T − Tcold)/(Thot − Tcold)

κ thermal diffusivity . . . . . . . . . . . . . . . . . . . m2·s−1

ν kinematic viscosity . . . . . . . . . . . . . . . . . . m2·s−1

ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

τ dimensionless time
ψ dimensionless

stream-function (U = ∂ψ/∂Y,V = −∂ψ/∂X)

Fig. 1. Schematic illustration of two-layer system.

With such an arrangement, the concentration difference
between the two layers becomes small with time, and the
interface becomes unstable. Phenomena such as wavering
of interface and a large slope of interface are observed as
shown in Fig. 2. The fluid near the wall finally streamed into
the other layer and the two-layer system changed into a one-
layer system.

Bergman and Ungan [3] carried out similar experiments
for a low concentration difference between two layers. In
the final stages before mixing, the hydrodynamic bound-
ary layers on the heated and cooled sidewalls penetrate
the salinity interface and mixing, in the finger regime, oc-

curs. Chen and Chen [3] observed salt-fingers for the sys-
tem of a solute gradient subjected to lateral heating. Tanny
and Yakubov [4] reported an experimental study that re-
vealed when the flow adjacent to the interface is unsta-
ble, the mixing process is characterized by intense vor-
tices.

Hyun and Bergman [5] carried out a numerical 2D sim-
ulation of the above phenomenon. The results indicated
two mechanisms that lead to the destruction of the salin-
ity interface. At low Rayleigh numbers thermal convec-
tion gradually and smoothly peels high (or low) saline
water from the interface and folds it into the convective
layer. At higher Rayleigh numbers, an intermittent mecha-
nism is predicted to occur with solutal plumes, carried in
full circle by thermal convection, bombarding the interface
and ejecting fluid into the convecting layers. Nishimura et
al. [6] studied the mechanism of cell merging, and buoy-
ancy plumes perpendicular to shear flows due to diffu-
sive instabilities are periodically generated from the inter-
face.

In this paper, numerical studies are carried out for
different buoyancy ratiosN = 0, 0.3, 0.6, 1 and 3 which
correspond to the small or middle concentration difference
between layers. Three-dimensional system behavior was
presumed. A finite difference method was employed for
the numerical analyses of this two-layer convection system.
Unequal meshes were employed with minute ones near a
central interface area.
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Fig. 2. Shadowgraphs of the interface between two convection layers. The time is the elapsed time from the start of heating and cooling. Upper layer: water,
lower layer: 10 kg·m−3 KCl solution, heating: 30◦C (left hand), cooling: 20◦C (right hand), aspect ratio 4.

Fig. 3. Boundary conditions.

2. Numerical analysis

2.1. Mathematical model

The model equations to describe the double diffusive nat-
ural convection as shown in Fig. 1 consist of the continuity,
the Navier–Stokes, the energy and the concentration equa-
tions in dimensionless forms as follows:

∇ · V = 0 (1)

∂V /∂τ + (V · ∇)V = −∇P + Pr∇2V + Pr Ra(θ −NC)k

(2)

∂θ/∂τ + (V · ∇)θ = ∇2θ (3)

∂C/∂τ + (V · ∇)C = ∇2C/Le (4)

Dimensionless parametersPr, Ra, Le, N andA are defined

Fig. 4. Mesh ofXZ-plane (61× 121 grid points) for 3D calculation. The
grid points in theY -direction are 61 and positioned with a constant spacing.

as follows:

Pr = ν

κ
, Ra = gα(Thot − Tcold)b

3

κν

Le = κ

D
, N = β(cmax− cmin)

α(Thot − Tcold)
, A= h

b

(5)

Here, the dimensionless variables are defined as follows:
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X = x/b, Y = y/b, Z = z/b

U = ub/κ, V = vb/κ, W =wb/κ

τ = tκ/b2, P = pb2/
(
ρκ2)

Fig. 5. Variation ofNuave on the hot wall with time atPr = 6, Le = 100,
A= 2 andRa = 107.

θ = (T − Tcold)

(Thot − Tcold)
, C = (c− cmin)

(cmax− cmin)

2.2. Boundary conditions

The boundary conditions in dimensionless form are
illustrated in Fig. 3.

atX = 0, U = V =W = 0, θ = 1, ∂C/∂X = 0
atX = 1, U = V =W = 0, θ = 0, ∂C/∂X = 0
atY = 0, U = V =W = 0, ∂θ/∂Y = 0, ∂C/∂Y = 0
atY = 1, U = V =W = 0, ∂θ/∂Y = 0, ∂C/∂Y = 0
atZ = 0, U = V =W = 0, ∂θ/∂Z = 0, ∂C/∂Z = 0
atZ = 2, U = V =W = 0, ∂θ/∂Z = 0, ∂C/∂Z = 0

The initial temperature in the system is 0.5 and the initial
concentration is 0 in the upper layer and 1 in the lower layer.

2.3. Computation

A finite difference method was employed to solve the
model equations numerically. The calculation algorithm of
pressure terms is the HSMAC method. The third order
upwind scheme (Utopia scheme [7]) for the inertial terms of
Eqs. (2)–(4) was applied to the calculation. The local Nusselt
number on the hot wall was calculated from a Taylor series
for the temperature field and the average Nusselt number was
computed by an integration over the hot wall. Computations

Fig. 6. Instantaneous contours atN = 0 and 0.3.
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Fig. 7. Concentration distribution atN = 0.3.

were carried out by a personal computer. The time step width
�τ was 1× 10−7.

2.4. Computational meshes

The computational meshes were refined in the vicinity
of a horizontal central height (Z = 1) and near the vertical
walls as shown in Fig. 4. The finite difference grid points in
theX-, Y - andZ-directions were 61× 61× 121. The grid
points in theX-direction are positioned according to

Xi

B
= i

imax
− αX

2π
sin

(
2π

i

imax

)
i = 0,1,2, . . . , imax (6)

where αX is 0.4. All the grid points in theY -direction
are positioned with a constant spacing. The grid points

in the Z-direction are defined to be symmetrical in terms
of Z = 1. First the grid points in theZ-direction were
calculated atαZ = 0.8 similarly to the case ofX-direction.
Next the lower half grid points moved to the upper layer
and the original upper half grid points moved to the lower
layer.

3. Results and discussion

3.1. Oscillatory phenomena

The oscillatory phenomena of double diffusive convec-
tion in a two-layer system was reported by Kamakura and
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Fig. 8. Contour lines and planes atN = 0.6.

Ozoe [8]. At Ra = 104 the average Nusselt numberNuave

on the hot or cold wall varied always monotonously with
time. At Ra = 105 the Nuave exhibits double periodic os-
cillation. Then a long periodic oscillation corresponds to
the periodical change of the concentration distribution in a

layer and a short periodic oscillation corresponds to the flow
oscillation which is caused by the periodic collapse of the
balance of two kinds of buoyancies. AtRa = 106Nuave has
single periodic oscillation corresponding to the flow oscilla-
tion.
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Fig. 9. Concentration distribution atN = 0.6 andτ = 0.02.

The numerical calculations of double-diffusive natural
convection in the two-layer system induced by lateral heat-
ing and cooling were carried out atPr = 6, Le = 100,A= 2
andRa = 107. Fig. 5 shows the average Nusselt number on
the hot wall. The natural convection atN = 0 was monoto-
nous but the oscillatory characteristic was found atN > 0.
The Nuave at N = 0.3 was very low with oscillation at an
early stage but became monotonous with time. However the
value increased afterτ ≈ 0.01 and will approach theNuave
values forN = 0. At N = 0.6 theNuave became small grad-
ually from τ ≈ 0.003 and then had distinct oscillation at
τ > 0.011. TheNuaveatN = 1 showed almost regular oscil-
lation after an induction time. This oscillation seems to cor-
respond to the flow oscillation mentioned above. AtN = 3
the amplitude became small afterτ ≈ 0.018 and the oscil-

lation of Nuave seems to be caused by the occurrence of the
disordered flow in each layer as mentioned later.

3.2. Contour maps of concentration at N = 0

Fig. 6 shows a series of instantaneous contours of
temperature and concentration atN = 0. The case ofN = 0
means that the solutal buoyancy is zero, that is, very
low concentration or very small density-difference between
solution and water. For example, the small or no density
difference occurs at aqueous solutions of organic salts.
A flow is formed along the walls in the entire system and
the stratified temperature distribution is formed from the
bottom to the surface. As a result, the concentration attains a
complicated distribution in the entire system with time.
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Fig. 10. Instantaneous contours at theXZ-plane,N = 1 and 3.

3.3. Contour maps of concentration at N = 0.3

Instantaneous contours of concentration atN = 0.3
are shown in Fig. 7(a). As thermal buoyancy is much
larger than solutal buoyancy, each liquid in upper or lower
layer penetrated into another layer along cold or hot wall,
respectively. Consequently the liquid of high temperature
and high concentration exists near the top and that of low
temperature and low concentration exists near the bottom.
These liquids near both the top and the bottom became
unstable owing to the thermal conduction and salt-fingers
with the termination of bulbous shapes were formed.

The salt-finger and the plumes are essentially three-
dimensional phenomena which have the shape such as
straight or crooked cylinder. Fig. 7(b) shows the concentra-
tion distribution atN = 0.3 andτ = 0.006. The salt-fingers
are seen in each layer.

3.4. Contour maps of concentration at N = 0.6

Fig. 8 shows the concentration distribution atN = 0.6.
The flows which could penetrate into the other layer along
the vertical walls are quite limited because the interface is

more stable than that atN = 0.3. Therefore, the convection
is limited mainly inside each layer, and the temperature is
low just above the tilted interface and high just below the
tilted interface. The contour plane was smooth atτ = 0.012,
but became uneven atτ = 0.014. Later several plumes
appeared above or below the interface as seen atτ = 0.016
in Fig. 8(a). The plumes may occur owing to the collision
of solutal fragments against the interface [5] as mentioned at
the next section. Salt-fingers like the case ofN = 0.3 were
not observed because of the little amount of flow into the
other layer. The plumes move with the main circulating flow
along the tilted interface and approach the vertical walls.
Finally the concentration distributions in the plumes were
dispersed near the top surface or near the bottom, and the
concentration in each layer becomes almost uniform.

The flow across the interface is observed near the corners
as seen in Fig. 8(b) and the flows are able to make
fingers, because four holes which seem to be made by the
fingers exist near the corners. Fig. 9 shows the subsequent
concentration distribution atτ = 0.02. The contour plane at
C = 0.1 indicates that the fragments of higher concentration
are moving downwards owing to the gravity or with flow.
A few solutal fragments which became small owing to the
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dispersion may collide against the interface and then a plume
occurs. When the interface is continuously bombarded, the
shape of plumes becomes long in parallel to the flow as seen
near the front or rear walls in the pictures.

3.5. Contour maps of concentration at N = 1

Instantaneous contours atN = 1 are shown in Fig. 10(a).
The case ofN = 1 means that the solutal buoyancy is equal
to the thermal buoyancy. The inclination of the interface
becomes small and two-layer system stable. However, very
weak plumes exist as seen for a weak ragged interface. The
plumes moved similarly to the case ofN = 0.6 and the
concentration distribution in the plumes was dispersed near
the surface or near the bottom. The concentration inside each
layer is almost uniform similarly to the case ofN = 0.6.

3.6. Contour maps of concentration at N = 3

Instantaneous contours atN = 3 are shown in Fig. 10(b).
The interface between two layers is a slightly tilted sharp
one and convection occurs in each layer. The solute is
transfered across the interface from the lower layer to the
upper layer. The flux of solute is relatively small and the
concentration distribution is uniform in each layer. The
distorted temperature distribution in Fig. 10(b) seems to
correspond to the weak oscillation ofNuave at τ > 0.018 as
shown atN = 3 in Fig. 5. When the concentration difference
between two layers becomes small with the lapse of time,
plumes or salt-fingers will occur as shown in Fig. 2.

4. Conclusions

Three-dimensional numerical calculations of double-dif-
fusive natural convection were carried out for the two-layer

system atPr = 6, Le = 100, A = 2 and Ra = 107. Salt-
fingers were formed owing to the penetration of convective
flow in a layer into the other layer atN = 0.3 and plumes
were formed by the collision of solutal fragments against the
interface atN = 0.6 or 1. In the case of high buoyancy ratios,
the interface was stable and salt-fingers and plumes did not
exist in the solution system. However, the concentration
difference between two layers becomes small with a lapse
of time and then plumes and salt-fingers will occur similarly
to the case of small buoyancy ratios.
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